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Abstract

By using the boundary-value Green-function technique,
effects of absorption, resonant scattering and polarization
are incorporated in the solution of the Takagi-Taupin
equations for three-beam diffraction in finite perfect
crystals. It is shown how such features may influence the
dynamical interactions. The potential of three-beam
interference acting as a phase-sensitive probe for
resonant scattering is demonstrated. Depending on the
applied model used for the calculations of the corrections
to the atomic scattering factor, profile asymmetry reversal
is theoretically predicted to occur near the photoelectric
threshold in a finite germanium crystal. Significant
distortions of the three-beam profiles are found for
polarized incident radiation, especially for reflection
triplets having an invariant phase sum near 90°.

1. Introduction

In the previous paper (Thorkildsen & Larsen, 1998),
hereafter denoted TL-I, we presented a method for
calculating azimuthal ¢ curves for some finite crystal
geometries based on the Takagi—Taupin equations. There
we did not take into consideration resonant scattering,
photoelectric absorption and polarization of the X-ray
beams.

In elementary analysis, X-rays are considered to be
scattered from free electrons. This is treated by applying
the first Born approximation to the scattering system,
yielding the atomic scattering factor, . However, if the
incident radiation is close to the frequency corresponding
to an electronic transition of the scattering system,
resonance phenomena become important. This gives a
wavelength-dependent contribution to the scattering
which also involves a phase shift. Such effects are
normally dealt with using the second Born approxima-
tion, yielding the well known real (f”) and imaginary
(/") corrections to the atomic scattering factor.

Photoelectric absorption is related to the imaginary
part of the average electric susceptibility, x,. Its influence
will depend upon the crystal shape and the diffraction
geometry. Anomalous transmission, on the other hand, is
related to the contribution from resonant scattering to the
imaginary part of the coefficients, y,, building the
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Fourier series of the spatially varying electric suscept-
ibility. It will affect the phase of the structure factors and
thus the invariant triplet phase sum accessed in a three-
beam diffraction experiment, making this a sensitive
‘probe’ for such features.

Resonant scattering effects will critically depend on
the wavelength of the incident radiation.

Polarization, ie. the vector nature of the waves
constituting the displacement field, introduces an addi-
tional coupling between the amplitudes involved in three-
beam diffraction. This may, however, be included in the
formalism in a straightforward way. It has long been
known that polarization complicates the phase-determi-
nation procedures in multiple diffraction experiments
(Lipscomb, 1949). Several authors have investigated the
effect using a kinematical approach (Moon & Shull,
1964; Caticha-Ellis, 1969; Prager, 1971; Cannata et al.,
1989) or plane-wave dynamical approaches (Juretschke,
1982a,b, 1984, 1986a,b; Chang & Tang, 1988; Luh &
Chang, 1991; Weckert & Hiimmer, 1997). The influence
of polarization on multiple diffraction has also been
verified and examined experimentally using conventional
X-rays (Luh & Chang, 1991) and synchrotron radiation
(Alexandropoulos et al., 1990; Schwegle et al., 1990).
Another approach was adopted by Shen and co-workers
(Shen & Finkelstein, 1990; Shen, 1993) who exploited
three-beam diffraction to investigate the state of polar-
ization of the incident beam.

2. Absorption

For the three-beam case, the Takagi—Taupin equations are
written in the following form:

3D0/3Sa = iKGhDh =+ i’(ngbg
abh/ash = iKhODO + il(hgb
dD, [0s, = iky,D, + ik, Dy,

go~o

)

where we at this stage neglect the polarization couplings.
The amplitudes are transformed according to
p € (o, h g)

D, (s, 5, 55) = Dp(so, Sps S¢) €Xp[2i(Bys, + By (2)

The definitions and nomenclature are all found in TL-I.
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The solution of (1), with a point-source boundary
condition on the entrance surface,

DP(S) = 8ls, — 5, ()] 3ls, — s,(S)]. (3)
yields the Green functions_we are searching for. We
denote these by (d,,d,,d,). The actual boundary
condition, continuity of D across the entrance surface,
leads to the equation

DY(S) = D exp[—2mia,s,(S)] exp[—27ia,s,(S)]

x explmiK x,[5,(8) + 5,(S) + 5, ()
where D is the amplitude associated with the incoming
plane wave.

Photoelectric absorption and anomalous transmission
are treated within the present formalism by introducing f”
and f/” in the calculations for x, and x,_,. Anomalous
transmission effects are included in the boundary-value
Green functions, {d,}, through the phases {¢,,}.

The solution for the fields at a point, P, within the
crystal is found by integration:

D,(P) =JDY [dSd(A,. Ay A,)
x exp[2mi(a, A, + a,A, + @ AL)]

X exp[_(u’/z)(Ao + Ah + Ag)]v (5)
where J is a geometrical factor (¢f. TL-I) and
Ay = 5,(P) —5,(S). We have also defined an effective
excitation error that takes refraction into account:

a, =a, — K(Rx,/2).

(6)

w 1s the linear photoelectric absorption coefficient, given
by

p=—21K3IxX,, (7
where
Xo = —(rA’/7V)F,. ®)
Owing to the resonant scattering contribution,
|Kpg| 7 lgpl ®)
Bpg F —Pop- (10)

The procedure of calculation is analogous to the one
presented in TL-I and is carried out for the crystal
geometries depicted in Figs. 1 and 2 of that paper.

The actual series expansions and surface integrations
were performed using MATHEMATICA.¥ To ease the
calculations, an elaborate coding scheme was adopted.

For the Laue—Laue case (Fig. 1 of TL-I), the result for
the diffracted power to the third order is

T MATHEMATICA is a trademark for Wolfram Research Inc.,
Champaign, IL 61820, USA.
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Py = PL(&1(60) 8285, &1 = 2(1ig 7o /1710 ])
x [g4(&;, E;;) cos(¢y — @)
+ &3(&;. &) sin(py, — )]}
+ (g 1m0 /10121 (€)25(E . E,)E2(E5 1)
+ 21 gl 00, 126(€,)82(61s E1)[—23(&;. &) cos @,
+ 84(&;. &) sing,] + 2|l n, lg, (&)
x {[g4(&;. &)85(&. &) — 25(&;. £,)2+(8. &) cos @,
+ (8485, &)gr(&, £1)
+ 83(&;. &5)8s(8r £W)]sing.}),
whereas, for the Bragg-Laue case (Fig. 2 of TL-I),

Py, = Pg(go(5 ENL = 2(Impgl1mgol/1m40)
x [g4(&g. f;) cos(¢y — ¢,)
+ g(&;. &) sin(ps — @)1}
+ (g 1101 /110125 (85, E,)85(E £1)
+ 21ng,l1n,g1{[84(&;- £)810(R- &1
— & (&, f;)gn(f;, &) cos @, + [g3(&;. Eé)gm(&;v &)
+ 848, £)211(8,. £)]sin g, }
+ 27|14 {24 (&5 €210 €1)
- g(&, &)en (&, &) cos o,
+ [g3(&;. £)210(85. &)
+ 24(&;, £)211 (& &)] sing.}). (12)

In equations (11) and (12), the contribution to primary
extinction is omitted — i.e. terms proportional to |7,,|°.
&, =2na,l,, 2&, = ul,, whereas the triplet invariant
p[imse sum is given by ¢y = @, + ¢4, + ¥go We have
defined ¢, = Qo + Ghor Oy = Cog + Pyor V. = Vi + Vi
and finally |n,,| = |«,,|/, Note that the experimental
phase sum  appears in  the  combination
P5 = Or = Png + Pgo — - P Tepresent the kinemati-
cal two-beam power in each case. The functions {g,} are

(11)

Fig. 1. Effect of increasing absorption. Isotropic crystal shape;
l,=1,=1,=1 Laue-Laue scattering geometry. Invariant triplet
phase sum: ¢y = 0°.
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given in Appendix A. Calculations have been performed
up to the fourth order and these results are used for
generating Figs. 1, 2 and 3.

The effect of absorption on a three-beam v profile is
shown in Fig. 1 for an isotropic crystal (/, = 1, =1, = I).
We see how the dynamical perturbations are damped out
as pul increases, ie as absorption becomes more
pronounced.

3. Resonant scattering

The ‘phase sensitivity’ of three-beam diffraction is
exploited in order to investigate resonant scattering near
the photoelectric threshold in germanium. We have
compared different anomalous-scattering-factor models
used for calculations of f’(A) and f”(A); the one by
Cromer & Liberman, which utilizes the dipole approx-
imation (Cromer & Liberman, 1970, 1981; Cromer,
1995), and that introduced more recently by Kissel and
co-workers (Kissel et al., 1980, 1995; Kissel, 1995). The
latter model is based on second-order scattering-matrix
theory in which many-body effects have been taken into
account.

Using equations (11) and (12), we have calculated
curves at four different wavelengths for the
(115)(220)(115) reflection triplet in germanium. Here,

Relative integrated power

-10 0 10 20
Normalized excitation error

(@)

Relative integrated power
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Table 1. Calculated phase sums for various wavelengths
using Cromer & Liberman's model for resonant scatter-
ing parameters

Reflection triplet: (115)(220%115).

A (A) 1.0000  1.1165  1.1166  1.1211  1.2000
vz () 30 66 13 6.2 6.0
=9 () 22 51 10 4.6 43
vz — ¢ () 8.0 15 3.0 1.6 1.7
o, ) 16 30 5.0 3.1 3.0

h = (115) denotes the primary reflection, whereas

=(220) and h— g =(115) are the secondary and
couplmg reflections, respectively. In order to get valid
input parameters for the series-expansion solution, the
calculations are carried out for a very small model
crystal: [, =1, =1, =1pm. Both Laue-Laue and
Bragg-Laue scattering were considered. Calculated
phase sums for the various wavelengths and different
anomalous-scattering-factor models are given in Tables 1
and 2.

It should be noted that the models predict the threshold
at slightly different energies. The photoelectric threshold
for Ge should, according to the Cromer—Liberman
model, be at A = A, = 1.11659 A, whereas the Kissel
model gives Ay = 1.12105 A,

Relative integrated power

-10 0 10 20
Normalized excitation error

(b)

Relative integrated power

-0.15
-20 -10 0 10 20 -20 -10 0 10 20
Normalized excitation error Normalized excitation error
() (d)
Fig. 2. Simulated  profiles for the germanium (115)(220)(115) triplet at various wavelengths. [, = I, = I, = | um. Resonant scattering parameters

after Cromer & Liberman. Solid line: Laue-Laue case; dashed line: Bragg-Laue case. (a) A =

(d) » =1.2000 A,

10000A by A =1.1165A; (c) A = 1.1166 A;
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Table 2. Calculated phase sums for various wavelengths

THREE-BEAM DIFFRACTION IN FINITE PERFECT CRYSTALS. 11

curves obtained using the different models for calculating

using Kissel et als model for resonant scattering f' and f” are in practice identical.

parameters

Reflection triplet: (115)(220)(115).

A (A) 1.6000  1.1165 11210 11211  1.2000
es () 33 49 150 27 6.6
e =0 () 25 38 -83 23 5.0
oz — ¢ ) 8.0 11 160 4.0 1.6
@, ©) 17 23 —41 6.5 32

In Figs. 2 and 3, the resulting  profiles for four
different wavelengths are shown for both the Laue-Laue
and Bragg-Laue cases. We note the shift in the overall
level of dynamical perturbation of the two-beam power
for the primary reflection (115) in the two cases. This is
mainly due to different absorption effects. Furthermore,
the perturbation decreases as the threshold is approached
from the high-energy side. Using the Kissel model, we
get a complete reversal of the asymmetry near the edge
(Fig. 3¢). This is not found using the Cromer-Liberman
model. Such a reversal has been experimentally observed
(Larsen, 1997) and will be the subject of a following
paper (Thorkildsen et al., 1998). On the low-energy side
of the edge, we have qualitative similarity (Figs. 2¢ and
3¢) and, for wavelengths far from the threshold, the

Relative integrated power

-10 0 10 20
Normalized excitation error

(a)

Relative integrated power

-10 0 10 20

Normalized excitation error

©

4. Polarization

By assigning polarization vectors and 7,
p € {o, g, h}) to the Laue—Laue case, as sﬁown in F1g
1 of TL-I, such that s S, 6, and 7 m, form a Cartesian base,
we may write the Takagi-Taupin equations for a three-
beam case in the following way:

aD? /8s, = ik%g DS + IKZgDZ
3D /s, = iK™ D} + iK™ D" + II(Z;DZ
31:); /3s;, = ix,,‘,{)g +ik§ D] ) 13)
aDy /ds, = ik, Dy + uc,,gD” + ikche DY
3Dg/8s uc””D” + tK””D” + ik D” + ikgy
a[)g /9s, u(g(,D" + gy
The transformation D; = b,’, exp(2mi y_, B,s,)

7 € {0, 7}, ¢f- equation (2), is applied individually to
each of the six amplitudes of equation (13). In this part,
we do not take absorption into consideration. The unit
polarization vectors are chosen such that the & compo-
nents are in the plane spanned by (§,,§,). Within this

N
]
3
g 0.1
®
Y o0.05
]
=) J—
3 0 -
o
-~ -0.05
o
A -0.1
s
g -0.15
[
-20 -10 0 10 20
Normalized excitation error
(b)

Relative integrated power

-20 -10 0 10 20

Normalized excitation error

(@

Fig. 3. Simulated y profiles for the germanium (115)(220)(115) triplet at various wavelengths. /, =/, =1, = 1 pm. Resonant scattering parameters
after Kissel et al.. Solid line: Laue-Laue case; dashed line: Bragg-Laue case. (a) A =1 OOOOA (b) A=1.1210A; (¢) A = 1.1I211 &A; (d)

X = 1.2000 A.
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reference frame 6, -7, =6, -7, =6, n, =06, 1, =0
and &, - 6, = 1. The remaining couplings are included in
the calculations through the parameters «;; [equation (6)
of TL-I]. We also define, restricting the discussion to

symmetrical scattering:

7, - 7l = ¢,

|7, 7| = Iy - | = ¢, (14)
16, -Gl =164 - Gl = c3

|a'g | = |Ag | = ey

Expressions for the trigonometric factors {c;} are given in
Appendix A.
The solution of (13) is found by introducing a linear

operator, L., similar to equation (11) of TL-I, in which

the polarization couplings are included:

- ¥4 -
E;;D;(so, Sps sg) = i/c;;s{ ds;, D;(s,’,, {sq}) (15)

and applying the boundary conditions [equation (13) of
TL-1] to each state of polarization. The calculations for
the Laue-Laue (and Bragg-Laue) case still follows the
procedure presented in TL-I. The algebraic expressions
for the coefficients in the series expansion of the
diffracted power, P,, grow very rapidly and in this case
calculations up to the third order are performed — i.e. the
first correctiont to the term carrying the phase informa-
tion is found.

The result is presented below for the Laue-Laue case:

Py = (c/2e0)(v,/1,) (2D 15 1P + Do Ingy 1PV (€4)
— DG |z | mg |1 | + Do g\ mig | 7
+ DonD()n|71fg7;:||VIZ;;7||'I:;;:r
+ Do Do, IG5 |32 | 1m55
+ Dj, Ingr lngg 1ngs DU (&) cos oy
+ /(&) sinog} £i(&,) — (D3, Inr 1
+ D ngi 1) £1(&) — 2{ Doy (Do, 1721
+ Doglmsg I” + Dog|misg | InSg DImi
~ Dy, (Dog Mg | + Doy Ingg DIngs 1P 1o 1}

X £1(E) £i(64) + (Do, g ) + Doy I 1Y Ingg 1
+ (Do gy lInGg | + Dog Ingy | Inbg |

+ Do, Ingr1ngg Y (6, £,(En)

— HDyq gy 157 | (Do Ing | 1m3 |

+ Do Ingi 1S3 1) + Dog |3 (Do man P m7r

+ Doy Inr P13 | + Dog 17 1 15 )}

x {fiE)FED) + L&) fi(ED).-

t Terms corresponding to Umweganregung and Aufhellung.
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Dy, . represent the strength of the incoming wave
associated with each state of polarization and
gyl = lipyl(L,1,)'/?. The functions {f;} are the same as
given in equation (32) in TL-I; they are also tabulated in
Appendix A4 for the sake of completeness. v, is the
volume of the crystal (Fig. 1 of TL-I), ¢, is the
permittivity of vacuum and ¢ the speed of light.

It is clear that a pure o- (or 7-) polarized incoming
wave may generate both o- and m-polarized wave fields
within the crystal. This is consistent with the findings of
Chang & Tang (1988) who used standard plane-wave
theory.

By explicitly writing the geometrical coupling factors
inherent in the 7, parameters, we may express the
relative change in the integrated power in the same
fashion as equation TL-I (34):

APWEN /Py = =2(1g 110 /1o DL LA(E,) cOS 05
+/1(&) sings] — (Inye I’y + |151°P3)
X Fi1(&) + 2(mag P10 P /140 1*) Pa f3 (),
(16)

where the ‘polarization factors’, {p,}, are given by

p=bid+ bybycyey(1 + ¢)) + bley(c3 + ¢3)
Py = bc5 +2b,bcicye, + bici(c3 + )
Py = b33 + bybresey(1 + 1) + bict(c + )
Pa = b3(c3 + ¢§ + €565 + 26363) + 2b,b,(c3es + 565
+ciese) + b6 + )
with {¢,} defined in (14) and

b} = |Dy,|*/(I1Dg4l* + 1Dg 1%
bb, = |Dy,|1Do 1 /(1Dg6 > + 1Dy, 1*)
b5 = 1Dy 1/ (1Dg4l* + [Dy ).

We see that the only difference between TL-I (34) and
(16) is the presence of the polarization factors in the
latter. They serve as geometrical ‘weighting factors’,
caused by the coupling between the wave fields excited
and the state of polarization of the incident beam.
Depending on their relative contribution, the correct
profile asymmetry may be extinguished, making inter-
pretation difficult (Juretschke, 198254, 1984, 1986a). It
has been pointed out (Weckert & Hiimmer, 1997) that a
complete three-beam profile asymmetry reversal can
occur if some of the scalar products between the
polarization vectors change signs due to geometrical
reasons. For the present finite model crystal, the
scattering geometry is to a certain extent fixed, thereby
restricting the polarization vectors within the chosen
frame. The calculations nevertheless show that the effects
of polarization on three-beam azimuthal yr-scan profiles
may be significant and the predictions from the present
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theory seem to be in keeping with experimental results
found in the literature (Luh & Chang, 1991; Schwegle et
al., 1990). In Figs. 4 and S, the relative change in the
integrated power, as a function of both ¢y and &,(y), for
different types of incident-beam polarization, is shown.
In Fig. 4, we have a case of a strong primary and
secondary reflection and a weak coupling. Fig. 5
simulates a case of a weak primary reflection and strong
secondary and coupling reflections.
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It is seen that the unpolarized beam yields the highest
peak power in the maps and that a polarized incoming
beam may cause anomalities, leading to problems of
interpreting the y curves. This is evident especially in
cases where ¢y, is near 90°, using for instance the scheme
of Hiilmmer & Weckert (1994). Such features occur both
for a o-polarized incoming beam (cf. Fig. 4) and for a n-
polarized beam (cf. Fig. S5). Similar results are also
(qualitatively) obtained for the Bragg—Laue case.

Highest contour: 0.030, spacing: 0.005

150
100

50

-100

-150

Fig. 4. Relative integrated power as a function of the invariant triplet
phase sum and the normalized excitation error. Influence of incident-
beam polarization. Laue—Laue case. (@) o-polarized case, (b) n-
polarized case, (c) unpolarized case. Model parameters used:
izl =032, g1 =0035 |77 =0060, |n} =03,
In%| =0.28, Ingr| =0.040, |nZF|=0.19, |n%| = 0.16. Dashed
contours indicate negative values.
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5. Conclusions

This paper shows how absorption/resonant scattering and
polarization couplings may be treated for three-beam
diffraction in finite crystals using the Takagi-Taupin
equations.

In the case of resonant scattering, the value of the
invariant triplet phase sum, ¢y, and hence the shape of
the i profile, strongly depends upon the values of /” and

Highest contour: 2.3, spacing: 0.3
150
100

50

-50
-100

-150

0

E(w)
@

Highest contour: 3.0, spacing: 0.3
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[) 10 20

E.(v)
(©)

135

f". The Kissel model, which we have used for some of
our calculations, shows severe resonant effects near the
photo-electric threshold leading to a shift in the phase
sum of ~ 180°. The large values of /' based on this
model (c¢f. Table 2) may be unrealistically high but the
calculations nevertheless show that three-beam diffrac-
tion can be used as a sensitive experimental tool to
distinguish between different anomalous-scattering-fac-
tor models.

Highest contour: 2.8, spacing: 0.3

v

150

100

50

9 ©

-100

-150

——

ik

-10 0 10 20

E(v)
(b)

Fig. 5. Relative integrated power as a function of the invariant triplet
phase sum and the normalized excitation error. Influence of incident-
beam polarization. Laue-Laue case. (a@) o-polarized case, (b) m-
polarized case, (c) unpolarized case. Model parameters used:
|ng] = 0.050, |n35 | = 0.030, |npg | = 0.32, Inpz| = 0.34,
Il = 0.030, |ngf| = 0.40, |nZf| = 0.42, |ng7| = 0.050. Dashed
contours indicate negative values.
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APPENDIX A4
Al. The functions {g;}
2,(u) = [1 — exp(=2u))/2u
g (u, v) =[1 + exp(—2v) — 2 exp(—v) cos u)/(u? ++V2)
g, v) = W+ W)=+ + 12 +uPv — (1 — V)
x exp(—v) cos u — 2uvexp(—v) sin u]
g, v) = W + V) 2 lu(=2v + 1?4 v?) + 2uv
x exp(—v) cosu 4 (—u? + v*) exp(—v) sin u]
gs(u,v) = v + V)7 =3V + 20+ + 20y
— (1 + V) exp(—2v) + 4 exp(—v) cos u
— 4uvexp(—v)sinu]
26() = [1 — (1 + 2u) exp(—2u)} /4
g:(u,v) = (@ + V) [ + (v + 1> + V) exp(—2v)
— Qv+ u? + V*) exp(—Vv) cos u)
ga(u,v) = (1 + V) [u + uexp(—2v) — 2uexp(—v)
x cosu — (u® + v?) exp(—v) sin u]
o, v) = [ + 42 ' [-1207 + 16V’ + u® + 4Py
— (1 + 4) exp(—4v) + 16V exp(—2v)
x cos u — Suvexp(—2v)sin u]
210t v) = [4v(t? + 42V [—u(? + 47) exp(—4v)
+ u(=28V + 16V* + 4u’v + %)
+ 4uv(8v 4 u? + 4v*) exp(—2v) cos u
+ 4u(4? + 8V — 31 4 2uPv)
x exp(—2v) sin u]
g (u, v) = [16V2 (2 + 42)’] ' [—144v* 4+ 128V°
+ 320t + 3203 + ut — (1 4+ (12
+ 16V} + 1 + 4iPv)exp(—4v) — 16V (—12V7
— 8V + 12 — 2uPv)exp(—2v)cosu
— 16w?(8v + 42 + u*) exp(—2v) sinu).
A2. The coefficients {c;} for symmetrical scattering

For the actual scattering geometry, the coefficients {c;}
may be given by

¢, =cos26,,

c, =cosb,,

¢3 =COos¢

¢, = sinf,, sin .

¢ 1s the angle between §g and the normal to the plane
spanned by (8, §;).

THREE-BEAM DIFFRACTION IN FINITE PERFECT CRYSTALS. II

A3. The functions {f;}

f,) = (1/u*)(1 — cosu)

L) = (1/w[1 — (1/u)sinu]

fi(w) = (1/u®)[1 = (1/u) sin )

falw) = (1/uP)[sinu — (2/u)(1 — cos u)].

Parts of this work have been presented at the
International School of Crystallography. 23rd Course:
X-ray and Neutron Dynamical Diffraction: Theory and
Applications, Erice, Italy, 1996.
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